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Abstract. Using Howe duality we compute explicitly Kostant-type homology 
groups for a wide class of representations of the infinite-dimensional Lie super- 
algebra loo loo an d its classical subalgebras at positive integral levels. We also 
obtain Kostant-type homology formulas for the Lie algebra gloo at negative in- 
tegral levels. We further construct resolutions in terms of generalized Verma 
modules for these representations. 
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1. Introduction 

Howe duality \H.1\ IH2] has found important applications in many areas of math- 
ematics where representation theory is an indispensable tool. It is therefore not 
surprising that a concept as simple and fundamental should prove to be useful and 
powerful in the representation theory of Lie super algebras. The first Howe dualities 
involving Lie superalgebras already appeared in Howe's original paper [HI] . It was 
followed by a systematic and in-depth study of such dualities in [CWl^ ICW2^ \LS\ IS2] . 
These works mainly were concerned with the construction of Howe dualities involv- 
ing Lie superalgebras. Subsequent works focused on their applications; in particular, 
we mention here the derivation of combinatorial character formulas for Lie superal- 
gebras in [CL1ICZ2] . 

The purpose of the present paper is to demonstrate yet another application of 
Howe duality to Lie superalgebras, namely the computation of certain Kostant ho- 
mology groups (and thus cohomology groups) [Koj . As examples we compute them 
for a large class of irreducible representations of gl^oo (cf. [KvLl IKW] ) and its subal- 
gebras of classical types b, c, d. Similar to character formulas, it is a rather non-trivial 
task to compute such homology and cohomology groups for Lie (super)algebras di- 
rectly. Indeed such formulas and the Euler-Poincare principle immediately imply 
character formulas as well. 

Let us provide more details below. In the remainder of this section it will be 
convenient to restrict most of our discussion to the case of gt^^ for simplicity's 
sake. Consider the Lie algebra gl^ consisting of matrices ((%■) with i,j £ Z, and 
djj = for all but finitely many ajj's. Let = gl^ denote its well-known central 
extension by a one-dimensional center (see (I2.3P ). Topological completions of g, 
and its subalgebras of classical types b,c,0, have found remarkable applications in 
mathematical physics since their introduction by the Kyoto school [D JKMJ , and the 
results in this paper remain valid for these completions as well, since all irreducible 
representations considered in this paper are also irreducible representations of the 
corresponding completions. Introduce the subalgebras gl< , gt>o an d u_ consisting 
of matrices (a^) with i, j < 0, i,j > and i > 0, j < 0, respectively. Let $ denote 
the Fock space generated by £ pairs of free fermions. Then it is known that there 
is a joint action of g x GL(£) on # . Indeed (g,GL(£)) forms a reductive dual pair 
[F] , giving a one-to-one correspondence between certain irreducible highest weight 
representations of g and the irreducible rational representations of GL(^). Now the 
irreducible rational representations of G~L(£) are parameterized by !P(GL(^)), the 
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set of generalized partitions of length I. We denote the g-module corresponding 
to A S ( P(GL(£)) by L(g,A a (A)). Since the derived subalgebra is a generalized 
Kac-Moody algebra, the homology theory of integrable modules over generalized 
Kac-Moody algebra (cf. [J]) is applicable to g, giving us a precise description of the 
g[ <0 © jj[ >0 -module structure of the u_-homology groups (u_; L (g, A a (A))) for 
keN. 

Now consider the super analogue g^oo consisting of matrices (a rs ) with r,s£ |Z, 

and a rs = for all but finitely many a rs 's. We regard (a rs ) as the matrix of a linear 

transformation on the space C 00 ' 00 with respect to a basis { e r \ r £ ^Z}, where 

the Z2-gradation is given by dege r = 2r modulo 2. There is a similar central 

extension g = gl^oc (see (I3.ip ). and we can define subalgebras g(<o, g(>cb an d 2- 

— ^ — 
in an analogous fashion. Let ^ denote the Fock space generated by i pairs of free 

fermions and I pairs of free bosons. Then there exists a joint action of g x GL(£) 
on 5 > which also forms a Howe dual pair [CW2J. This provides another one-to- 
one correspondence between certain irreducible highest weight representations of 
g and the irreducible rational representations of GL(£). We denote the g- module 
corresponding to A G < P(GL(£)) by L(g, A (A)). Thus these two Howe dualities 
establish a one-to-one correspondence 

L( 5 ,A°(A)) ^L(I,A a (A)), A € 3>(GL(i)). 

This correspondence enables us to determine the gl <0 © g[ >0 -module structure of 
H fc (u_;L(g, A a (A))) in terms H fc (u_; L (g, A a (A))), for all fc G N, in Theorem EE 
We note that in contrast to Lie algebras the derived subalgebra of qI^oo ^ s n °t a 
generalized Kac-Moody superalgebra, and thus a direct generalization of the classical 
homology theory is not possible. 

To our best knowledge such a similar relationship on the level of homology groups 
between Lie algebras and Lie superalgebras was first observed for the irreducible 
tensor representations of the general linear superalgebra in [CZlj . It is our hope that 
the results presented here may lead to a better understanding of the relationship 
between the representation theories of Lie algebras and Lie superalgebras (e.g. in 
the spirit of [CWZj ). which is our motivation for this investigation. 

Besides Howe duality involving an infinite-rank affine Kac-Moody algebras, worked 
out systematically in [Wj . Aribaud's method for computing homology from the char- 
acter formula [2J |L] also plays an important role in our approach. Together with 
elementary symmetric function theory they provide us with all the necessary tools 
to reduce the problem to a comparison of eigenvalues of the classical and the super 
Casimir operators on the chain spaces. 
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We conclude with an outline of the paper. In Sections [2] and [3] the Howe dualities 
involving the infinite-dimensional Lie (super) algebras are recalled. In Section[32]we 
discuss in detail the category of tensor representations of g[(m\n), for n £ NU {oo}. 
Although the results therein may be known to experts, we have decided to include 
them, as we were unable to find references for them. These results are then used 
in subsequent sections. In Section 0] invariant symmetric non-degenerate bilinear 
forms are introduced for the Lie algebras and superalgebras under discussion, based 
on which the Casimir operators are defined. We remark that our Casimir operators 
differ slightly from the usual ones, as this makes subsequent comparisons of their 
eigenvalues simpler. The homology groups for gl^oo and its classical subalgebras are 
then computed in Section In Section [6] resolutions in terms of generalized Verma 
modules are constructed. In Section [7] the gl^-modules appearing in the bosonic 
Fock space are discussed, and their Kostant-type homology groups are computed. 
In Section [8] we collect some notation for the convenience of the reader. 

Finally, all vector spaces, algebras et cetera are over the complex numbers C. 

Acknowledgements. The first author thanks NCTS for partial support. The 
second author thanks the Institute of Mathematics, Academia Sinica, for hospitality 
and support, where part of this work was completed. Both authors thank the referees 
for helpful comments. 

2. INFINITE-DIMENSIONAL LlE ALGEBRAS 

2.1. Notation and conventions. Denote by 1P + the set of partitions. Given £ S N, 
a non-increasing sequence A = (Ai, A2, • ■ ■ , A^) of £ integers with 

(2.1) Ai > A 2 > • • • > Ai > = • • • = > Xj > ■ ■ ■ > X t 

will be called a generalized partition of length £. Similar to ordinary partitions, a 
generalized partition A may be viewed as a left-adjusted diagram with £ rows such 
that the A:-th row contains A& cells. Here we use the convention that A^ > (resp. 
Afc < 0) means we have |Afc| boxes to the right (resp. left) of a fixed vertical line 
indicating cells. As an example consider A = (5,3,2,1,-1,-2) with I = 6. The 
corresponding diagram is given in (|2.2p below. 



(2.2) 



KOSTANT'S HOMOLOGY FORMULA 



5 



For a generalized partition A of length £, let X' k be the length of the k-th column of 
A. We use the convention that the first column of A of the form (12, ip is the first 
column of the partition Ai > A2 > • • • > A,_i. The column to its right is the second 
column of A, while the column to its left is the zeroth column and the column to the 
left of its zeroth column is the —1-st column et cetera. We also use the convention 
that a non-positive column has non-positive length. For our example (|2.2|) . we have 
A / _ 1 = —1, Ag = —2, X[ = 4 et cetera. The size of a generalized partition A is ■ 
and is denoted by |A|. For a partition A = (Ai,A2,...), A' = (A^A^,...) and l(X) 
denote the conjugate and the length of A, respectively. 

2.2. Preliminaries on gl^ and its subalgebras of classical types. Below we 
recall the infinite-dimensional Lie algebra gt^ and its subalgebras boo, too ^oo. We 
will say that these algebras are of types a, b, c, D , respectively. The following notation 
will be assumed throughout the paper. 

• g : the Lie algebra gL^, or its subalgebra b^, Cqo, floo, 

• f) : a Cartan subalgebra of g, 

• / : the index set for simple roots, 

• Il = {ai\i£l}: the set of simple roots, 

• n v = { a( I i G / } : the set of simple coroots, 

• A + : the set of positive roots. 

2.2.1. The Lie algebra gl^. Let C°° be the vector space over C with a basis { | i G 
Z } so that an element in End(C°°) may be identified with a matrix (ay) (i, j G Z). 
Let Eij be the matrix with 1 at the i-th row and j-th column and zero elsewhere. 
Let gt^ denote the subalgebra consisting of (aij) with finitely many non-zero a^s. 
Then gt^ in matrix form is spanned by Eij (i,j € Z). Denote by gl^ = gt^ © CK 
the central extension of gt^ by a one-dimensional center CK given by the 2-cocycle 
(cf. |DJKMllK2] ) 

(2.3) a(A,B):=Tr([J,A]B), 

where J = ^2 i<0 En. The derived subalgebra of gL^ is an infinite-rank Kac-Moody 
algebra [K2]. Note that f) = J2iez CE a © CK - Put 1 = z - Then we have 

{ = En - Ei +1}i+1 + 5 i0 K (i G /) }, 
{ ai = ei- e i+ i (i G I) }, 
{e; - ej (i,j el,i< j) }, 



n v = 
n = 

A+ = 
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where £j E fi* is determined by (ei,Ejj) = 5ij and {ei,K) = 0. Furthermore, for 
i G let A? be the z-th fundamental weight of gl^. That is, we have 



where Ag G f)* is determined by (A$,K) = 1 and (A$,Ejj) = 0, for all j G Z. Let 
/) c G f)* be determined by {p c ,Ejj) = —j, for all j G Z, and (p c ,K) = 0, so that we 
have {p c , aY) = 1, for all i G /. 

By assigning degree to the Cartan subalgebra and setting deg-E^- = j — i, we 
equip gloo with a Z-gradation: gl^ = ^j, e ^(gioo)k- This leads to the following 
triangular decomposition: 

s\o = (fl [ oo) + © (flOo © (flloo)-, 

where (g( 00 )± = ® fce ± N (0 l oo)k and (gloJo = h- 

2.2.2. TTie Lie algebras b^, c^, Oqo. For convenience of the reader we will briefly 
review the classical subalgebras of gl^ (cf. |K2j ). For r G {b,c, D}, let be the 
subalgebra of gl^ preserving the following bilinear form on C°°: 

if y = b, 

( e i\ e j) = \ if? = c, 

Al-i> if ? = f , 

Let foo = f 00 © C-if be the central extension of determined by the restriction 
of the two-cocycle (|2.3|) . Then ^ has a natural triangular decomposition induced 
from gl^: 

Poo = (?oo) + © (Poo)o © (poo)-, 

where (foo)± = Poo H (gtoji and (?oo)o = Poo D (5(00)0- For i G N, let 



E'ij — E-i-i, if P — b, 
Eu — Ei-ii-i, ify = c,U. 



Note that f) = (poo)o = SieN © We may regard G (flloo)o as an element 
in (Poo)o via restriction so that {ei,Ej) = 5ij for i,j G N. Put / = Z + . Then we 
have 



n v = { Qq 7 = -2Ex + 2K, a( = E % - E i+1 (» G 

II = { a = -ei, «i = €i - e i+ i (i G N) }, 
A + = { ± ti - ej , -a G N, i < j) }. 



KOSTANT'S HOMOLOGY FORMULA 



7 



• Coo 

rv _ r „,V 



n v = = -E 1 + K, at =Ei- E i+1 (i G N) }, 

II = { a = -2ei, Oi = ej - ej + i (i G N) }, 
A+ = { ± e, - ej , -2ei (i, j G N,i < j) }. 

• foe 

n V = W = -Ex -E 2 + 2K, at = %- E i+1 (» G N) }, 

II = { a = -ei - £2, Oj = - ei+i (i G N) }, 
A+ = { ±e i -e j €N,i<i)}. 

For i G /, we denote by the i-th fundamental weight for yoo ; that is, (A?, aj) = 
5ij (j G I), where Aq G f)* is determined by (Aq, = for i G N and (Aq, K) = r 
with r = i, 1, i, for j = b, c, 0, respectively. In fact, we have 



A 8 b = 2A£ + ei + ••• + €;, »>1, 



A,- = Aq + ei H h €{, i > 1, 

A = 



Ag + ei, if * = 1, 





2Ag + ei + ••• + €;, ift>l. 



We let p c G fj* be determined by 

-j + i, for boo, . _ T . j 0, for b^, Coo, 

-j, forcoo,0oo, [-1, forOoo- 

2.3. Classical dual pairs on infinite-dimensional Fock spaces. Let q be one 

of the Lie algebras given in Section[22J Let A G b,* be given. By standard arguments 
there is a unique irreducible highest weight representation of q of highest weight A, 
which will be denoted by L(q, A). 

We fix a positive integer £ > 1 and consider £ pairs of free fermions ^^(z) with 
i = 1, • • • , That is, we have 

with non-trivial commutation relations [f/W*j VVi' 5 ] = <5ij<5m+n,o- Let 3^ denote the 
corresponding Fock space generated by the vaccum vector |0), which is annihilated 
by ipn' 1 , ipm' 1 for n > and m > 0. 

We introduce a neutral fermionic field <j>{z) = ^2 nG ^ <t>n z ~ n ~ X with non-trivial 
commutation relations [4>mi <j>n\ = $m+n,o- Denote by $2 the Fock space of 4>(z) 
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generated by a vacuum vector that is annihilated by 4> m for m > 0. We denote by 
3^ + 5 the tensor product of 3^ and 3^- 



We assume that x n (n G Z) and Zj (i = 1, 



are formal indeterminates. 



2.3.1. T/ie (flloo, GL {£))- duality. Let GL(£) be the general linear group of rank I. 
The space of complex £ x £ matrices forms the Lie algebra Ql(£) of GL(£). We 
denote by (1 < i,j < £) the elementary matrix with 1 in the i-th row and 
j-th column and elsewhere. Then H = Cea is a Cartan subalgebra, while 
^2i<j Ceij is a Borel subalgebra containing H. Recall that an irreducible rational 
representations of gi{£) (or GL(£)) is determined by its highest weight A G H* with 
(\,eu) = Aj G Z (1 < i < and Ai > . . . > Xe- Denote by Vgw^ the irreducible 
representation corresponding to A. Identifying A with (Ai,...,A^) the irreducible 
rational representations of GL(^) are parameterized by 

?(GL(£)) : ={A = (Ai,... , A^) | Aj G Z, Ai > . . . > A^ }, 

which is precisely the set of generalized partitions of length £. 

Proposition 2.1. [F] (cf. [Wj Theorem 3.1]) There exists an action of gl^ x GL(£) 
on 3^ . Furthermore, under this joint action, we have 

(2-4) 3^ L(flioo,A B (A))®V^ LW , 

AeCP(GL(£)) 

where A*(A) = *Ag + £ . £Z = Eli . 

Computing the trace of the operator Y[nez x n nn Y\i=i z i" on both sides of (|2.4j) . 
we obtain the following identity: 



(2.5) HH(l + x n z i )(l+x^zr 1 ) = Yl chL(0[ oo ,A a (A))chF G A L(£) . 

i=l neN AeCP(GL(£)) 

2.3.2. TTie (coo, Sp(2£)) -duality. Let Sp(2£) denote the symplectic group, which is 
the subgroup of GL(2£) preserving the non-degenerate skew-symmetric bilinear form 
on C 2 ^ given by 

( o j A 

\-Jt o J ' 

where is the following £ x £ matrix: 

/0 ••• 1\ 
••• 10 



(2.6) 



Jf 



1 
\1 




0/ 
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Let sp(2£) be the Lie algebra of Sp(2£). We take as a Borel subalgebra of sp(2£) 
the subalgebra of upper triangular matrices, and as a Cartan subalgebra H the 
subalgebra spanned by = en — e2£+i-i,2i+i-i (1 < * < £)■ A finite-dimensional 
irreducible representation of sp(2£) is determined by its highest weight A £ -ff* 
with (A, Si) = Aj £ Z + (1 < i < £) and Ai > ... > A^. Furthermore each such 
representation lifts to an irreducible representation of Sp(2£), which is denoted by 
^Sp(2^)- We- identify A with (Ai, . . . , A^), and put 

0>(Sp(2£)) := { A = (A l5 • • • , X t ) | A, £ Z+, \ x > . . . > X e }, 

which is the set of partitions of length no more than £. 

Proposition 2.2. \W\ Theorem 3.4] There exists an action of x Sp(2£) on ^ . 
Furthermore, under this joint action, we have 

(2-7) ^= L( Coo ,A c (A))®y s A p(2£) , 

AeT(Sp(2^)) 

where A C (A) = £Aq + Ylk>i ^'k e k = — i)^o + Ylk=i ^\ an ^ 3 ^ s ^ e number of 
non-zero parts of X. 

Computing the trace of the operator JlneN x n n Y\\=i Z T on both sides of (|2.7p . we 
obtain the following identity: 

i 

(2.8) H + x nZi ){\ + xnzr 1 ) = chL( Coo ,A c (A))chy s A p(2£) . 

i=l n€N AeT(Sp(2£)) 

2.3.3. The (Doo,0(m)) -duality. Let m be a positive integer greater than 1. We define 
I by m = 11 when m is even, and m = 21 + 1 when m is odd. Let O(m) denote the 
orthogonal group which is the subgroup of GL(m) preserving the non-degenerate 
symmetric bilinear form on C m determined by J m of (12. 6|) . Let so(m) be the Lie 
algebra of O(m). We take as a Cartan subalgebra H of so(m) the subalgebra spanned 
by e\ = en — e m+ i_j jrn+ i_j (1 < i < £), while we take as the Borel subalgebra the 
subalgebra of upper triangular matrices. 

For A £ H* let us identify A with (Ai, . . . , A^), where Aj = (A, e\) for 1 < i < £. 
Then a finite-dimensional irreducible representation of 50 (21) is determined by its 
highest weight A satisfying the condition Ai > . . . > A^_i > |A^| with either Aj £ Z 
or else X{ £ | + Z, for 1 < i < I. Furthermore it lifts to a representation of 
SO(2£) if and only if Aj £ Z for 1 < i < I. Also a finite-dimensional irreducible 
representation of so (2£ + 1) is determined by its highest weight A satisfying the 
conditions Ai > . . . > A^ with either X{ £ Z + or else Aj £ ^ + Z+, for 1 < i < I. 
Furthermore it lifts to a representation of SO(2^ + 1) if and only if Aj £ Z + for 
1 < i < £. 
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We put 

3>(0(m)) := { A = (Ai, • • • , A m ) | A* G Z+, A x > . . . > X m , X[ + X' 2 <m}. 

For A G !P(0(m)), let A be the partition obtained from A by replacing its first column 
with m — X[ . 

Suppose that m = 21 and A = (Ai, . . . , X e , 0, . . . , 0) G 3>(0(2£)) is given. If X e > 0, 
let Vq^a be the irreducible 0(2£)-module, which as an so(2^)-module, is isomorphic 
to the direct sum of irreducible representations of highest weights (Ai, . . . , A^) and 
(Ai, . . . , — A^). If \e = 0, let Vq, 2 ^ denote the 0(2^)-module that as an so(2^)-module 
is isomorphic to the irreducible representation of highest weight (Ai,--- , A^_i,0), 
and on which the element r = Yli^i e+i e u+ e e,i+i+ e e+i,i £ 0(2^)\SO(2^) transforms 
trivially on highest weight vectors. Set Vq, 2 « = Vq, 2 « (g> det, where det is the one- 
dimensional non-trivial representation of 0(2^). 

Suppose that m = 21 + 1 and A = (Ai, . . . , Xi, 0, . . . , 0) G 5 > (0(m)) is given. Let 
^0(2£fi) ^ e * ne hreducible 0(2£+ l)-module isomorphic to the irreducible represen- 
tation of highest weight (Ai, . . . , A|) as an so(2£ + l)-module, on which —I m acts 
trivially. Here I m is the mxm identity matrix. Also, we let Vq^+i) = ^o(2^+i) ®det 
(cf. e.g. [BT, HI] for more details). 



Proposition 2.3. [W} Theorems 3.2 and 4.1] There exists an action o/Oqo x O(m) 
on $~ . Furthermore under this joint action we have 

(2-9) tff= ^oo.A^A))®^, 

AeCP(0(m)) 

where A°(A) = mAg + Y,k>i K € k- 

Suppose that m = 21. Computing the trace of the operator ELieN x n n lli=i Z T 
on both sides of (12.91). we obtain 



(2.10) + x nZl ){\ + Xnzr 1 ) = chL(r. oo ,A (A))chV^ ) . 

i=lnSN AeT(0(2£)) 

Suppose that m = 21 + 1. Let e be the eigenvalue of — J m on 0(2£ + l)-modules 
satisfying e 2 = 1. From the computation of the trace of IlneN x n" Yli=i Z T{—Im) on 
both sides of (|2.9p . we obtain 

(2.11) 

i 

Yl Y[{1 + ex n Zi)(l + exnz- 1 )^ + ex n ) = ^ chL^, A°(A))chV^ (2m) . 

i=lneN AeT(0(2£+l)) 

Note that chV^ 2 ^ is a Laurent polynomial in z%, . . . ,zg and ch Vq,^ = chV^ 2 ^ , 
while chV r Qj- 2 ^ +1 ^ is the Laurent polynomial in z\, . . . , Zg, e and ch.V^ 2£+1 ^ = e ^-Vq^+i)- 
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2.3.4. The (b^, Pin(2£))- duality. The Lie group Pin(2£) is a double cover of 0(24), 
with Spin(2£) as the inverse image of S0(2£) under the covering map (see e.g. |BT]). 
An irreducible representation of Spin(2£) that does not factor through S0(2£) is an 
irreducible representation of so (21) of highest weight of the form 

(2.12) (Ai + -,..., A^_ 1 + -,A^+-), or (Ai + -, . . . , A^_i + -, -X e - -), 

where Ai > . . . > Xe with Aj 6 Z + for 1 < i < I. We put 

IP(Pin(2£)) := { A = (Ai, ■ • ■ , X e ) I Ai £ Z+, Ai > . . . > A^ }. 

For A G !P(Pin(2£)), let us denote by Vp in ^ the irreducible representation of Pin(2£) 
induced from the irreducible representation of Spin(2£) whose highest weight is given 
by either of the two weig hts in (|2TT2|) . When restricted to Spin(2f), Vp A in(2£) decom- 
poses into a direct sum of two irreducible representations of highest weights given 
by those in (12TT2D . 

Proposition 2.4. [W] Theorem 3.3] There exists an action of boo x Pin(2^) on 3*. 
Furthermore, under this joint action, we have 

(2-13) d e = ^boo^A))®^^, 

AeT(Pin(2£)) 

where A b (A) = 2£A% + £ fc>1 K e k- 



Taking the trace of the operator JlneM x n n Yli=i Z T on both sides of (|2.13p . gives 
(2.14) 



i i 



UU^i +z i ")(l + ^i)(l + ^- 1 )= Yl chL (boo,A b (A))chF P x in(2 , ) . 

In what follows we mean by (g, G) one of the dual pairs of Section 12.31 and by 
y G {a, b, c, c)} the type of g. 

2.4. u_-homology groups of g-modules. Let A := A + U A - be the set of roots 
of g, where A" = -A+. Let Af := A± n (Ej^o Za i) and A± ( S ) : = A± \ A s- 
Denote by Q a the root space corresponding to a G A. Set 



(2.15) 



u± := ^ 0a, (:= ^ g Q ef). 

aGA±(S) ceA+uAj 



Then we have g = u + [ © u_. The Lie algebras I and g share the same Car- 
tan subalgebra f). For fi G rj* we denote by L([, /i) the irreducible highest weight 
representation of [ with highest weight /j. For g = gL^ we denote by O 3 /" the set 
of M = Eiez + cA o G *)* witn (Mb M2, ' • • ) G y + , (-f*o, -/J-i, • ■ ■ ) G y + , and 
c G C. For g = boo, Coo, 5 oo, let 3[ denote the set of /i = X)ieN A 4 ! 6 * + C A§ £ fy* with 
(/Ji, /i2, • • • ) G !P + and c G C. 
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Let V be a g-module and let Cfc(u_; V) := A fe (u_) <8> V be the space of the k-th 
chains (k G Z + ). Denote the boundary operator by c4 : Ck(u-]V) — > Cfc_-i(u_;V) 
(see e.g. |GL| |Jj |L]). We have a complex 



(2.16) • • • ^ C fc (u_; V) ^> C fc _i(u_; V) ^4 • • • u_ ® F V 0, 



with dkdk+i = and homology groups Hfc(u_;y) := ker t4/im<ifc + i for k G Z + . 

The subalgebra [ acts on V by restriction, while it acts on u_ via the adjoint 
action. Thus [ acts on the chains. Furthermore the [-action commutes with boundary 
operators and hence the homology group Hfc(u_;y) is an l-module, for all k G Z + . 
In order to describe these groups in the case when V = L(g,A ? (A)), for A G "P(G), 
we introduce further notation. 

For j G I, define simple reflections Oj by 



where fj, G f)*. Let VF be the subgroup of Aut(h*) generated by the simple reflections, 
i.e. W is the Weyl group of g. For each w G W we let l(w) denote the length of 



It is well-known that W = Wo W and W is the set of the minimal length repre- 
sentatives of the right coset space Wq\W (cf. [L]). For fceZ + , set 



Given A G "?{G) it is easy to see that (A !: (A),aJ} G Z + , for all j G /. Since 
w £ W° implies that io -1 (A£) C A+, we obtain (w o A ? (A),aY) G Z+, for all 
j E I \ {0}. Since g is a generalized Kac-Moody algebra and each L(jj, A J (A)) is 
an integrable (=standard) module, the description of the l-module structure of the 
homology groups Hfc(u_; L(g, A r (A)) in [Jj remains valid. It is given as follows. 

Proposition 2.5. [J] Lei A G J > (G) and G Z + . VFe /iawe, as {-modules, 



o-j(n) :=fi- (/i,aj)aj 



w. We have an action on f) given by <Jj(h) = h — (aj,h}a){ for h G f) so that 
{w(fj,),w(h)) = ([A,h), for u> G W, /U G f)* and /i G f). We also define 

w o [i := w(/j, + p c ) — p c , fi E t)* ,w £ W. 

Consider Wo the subgroup of VF generated by Oj with j 7^ 0. Let 

W° := { to G W I w(A - ) n A+ C A+(5) }. 



W£ := {w G W*|Z(u;) = fc}. 



H fc (u_;L( ,A*(A)))^ L(I, w o A*(A)). 



We may write w o A r (A) as 




+ nAg, if j = a, 

otherwise, 
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where n = ( A ? (A), K )/( Ag, K ). Furthermore, A± = ((A±)i, (A^) 2 , . . .) and \ w = 
(A tu )2, • • •) are partitions. Thus, suppressing the action of K, we see that the 
character of the l-module Hfc(u_; L(q, A r (A))) is 
(2.17) 

otherwise, 



chH fe (u_;L(g,A*(A))) = { 



where here and further Su(yi,y2, • • • ) denotes the Schur function in the variables 
2/1)2/2? •' ' associated to the partition //. Now applying the Euler-Poincare principle 
to (I2.16|) one obtains 

OO OO 

^(-l) fc chC fc (u_;L( ,A^(A))) = ^(-l) fc chH fc (u„; L(g, A'(A))). 



k=0 



k=0 



Since 



where 



X>l) fe chC fc (u_;L( , A*(A))) = chL( , A*(A))D', 



/c=0 



D* 



Ui,j(l ~ x-l+ixj): iff = a, 

ni(i-^)rii<j(i-^i)> 
ni(i-^)rii<i(i-^i)> ifp = c, 

with i, j E N, we obtain 

1 OO 

(2.18) chL(g,A'(A)) = — ^(-l) fc chH fc (u_;L( ,A^(A))). 



k=0 



3. Infinite-dimensional Lie superalgebras 

3.1. The Lie superalgebra gl^^ and its subalgebras of classical types. Let 

us recall the infinite-dimensional Lie superalgebra gl^oo and the subalgebras 23, 
C, T> of classical types. We will say that these superalgebras are of types a, b, c,d, 
respectively. The following notation will also be assumed throughout the paper. 

■ g : the Lie superalgebra gl^oo, or its subalgebra 23, C, D, 

• f) : a Cartan subalgebra of g, 

• I : the index set for simple roots, 

• Il = {f3 r \r£l} : the set of simple roots, 
•II = { $f | r G / } : the set of simple coroots, 

■ A + : the set of positive roots. 
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3.1.1. The Lie superalgebra fliooloo- Let C 00 ' 00 be the infinite-dimensional superspace 
over C with a basis { e r \ r G ^Z}. We assume that dege r = 0, for r G Z, and 
dege r = 1, otherwise. We may identify End(C 00 ' 00 ) with the Lie superalgebra of 
matrices (a rs ) (r, s G |Z). Let gl^oo denote the subalgebra consisting of (a rs ) with 
a rs = for all but finitely many a rs 's. Denote by E rs the elementary matrix with 1 
at the r-th row and s-th column and zero elsewhere. Denote by s^oo = gi^^^CK 
the central extension of gt^^ by a one-dimensional center CK given by the 2-cocycle 

(3.1) (3(A,B):=Stv([J,A]B), 

where J = Yl r <o-^rr- Here, for a matrix D = (d rs ), the supertrace is defined by 
StrD = J2 r e iz( — ^) 2r d rr - Then rj = J2 r e l z &E rr (BCK is a Cartan subalgebra. Put 
I = |Z. We have 

TT V = {(3 y r = E rr + £y+i, r+ i + $roK (r G 7) }, 
U = {f3 r = 5 r - 5 r+l (re 7)}, 

' 2 

A + = { S r - 5 S (r,s G 7, r < s) }, 

where <5 r € rj* is determined by (5 r ,E ss ) = 5 rs and (5 r ,K) = 0. 

By assigning degree to the Cartan subalgebra and setting deg-E rs = s — r, we 
equip stools with a ±Z-gradation: gl^^ = fc6 Iz(0[oo|oo)fc- Triis lead s to the 
triangular decomposition: 

)+ © (fltoo|oo) 

where (fli oo | 0O )± = fce± i N (flloo|oo)fc an d (fltoo|oo)o = ()• 

3.1.2. The Lie superalgebras H, Q, T>. Below we follow the presentations of |CW2[ 
ILZj . Let L = Lq © L- be a Lie superalgebra, which is a subalgebra of gl^oo- We 
say that L preserves a bilinear form ( • | • ) on C 00 ' 00 if 

L t = {Ae(Ql ooloo ) t \(Av\w) = -(-iyM(v\Aw), ^erl°°}, e = 0,l, 

where |t>| denotes the parity of v in C 00 ' 00 (cf. |K1| ). 

First we define the Lie superalgebra 23 to be the subalgebra of gl^oo preserving 
the following super-symmetric bilinear form on C 00 ' 00 : 

(ej|e,) = -j, i,j G Z, 

(e r |e s ) = (-l) r+ ^ r ,_ s , r,s G^ + Z, 

(ej|e r ) =0, i G Z, r G - + Z. 

Let .A be the subalgebra of gl^oo consisting of matrices A = (aij) such that 
dij = if i = or j = 0. We define the Lie superalgebras S and T> to be the 
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subalgebras of A preserving the following super-skew-symmetric bilinear forms on 
C oo|oo ) respective i y: 



aga(i)6 ir 


_j, for e, 


Oi,-j, 


for D, 




for e, 


sgn(r)<5 r] 


- s , forD, 


i £ : 


1 



(e r |e s J = ^ r, s £ - + 

sgn(r)5 ri _ s , for D, 

1 

(e;|e r ) = 0, 

Now let X be one of 23,C,D. We define X to be the central extension of X 
given by the restriction of the two-cocycle (|3. 1 j) . Then X has a natural triangular 
decomposition induced from gloo^: 

X = X_|_ £B Xo (£) X_ , 

where Xo = fj = X^re^N ^-EV © is a Cartan subalgebra, with E r = E rr — E_ r _ r 
for r £ |N. We may regard <5 r £ (gloo^o as an element in Xq via restriction so that 
(5 r ,E s ) = 5 rs for r, s £ ^N. Put 7 = ^Z + . Then we have 

• % 

U V = {^ = Ei+K, ft = E r + E r+ i (r£^N)}, 



_il 

2 v 2 

1_ . , 1 _ . - . , 1. 



n = {f3 = -Si, (5 r = 5 r - 6 r+ i (r £ -N) } 



A T = { - 5 r (r £ -N), -25 r (re- + Z+), ±5 r - <5 S (r, s £ -N, r < s) }. 



e 



Ii V = { /? V = Ei - E l + 2tf, /3 r v = £ r + Li (r £ ^N) }, 

2 ' ~2 2 



~ ' ' ' f '+u " ~ 2 1 

1 



n = {/?o = -<5i - *i, f3r = 5 r - S r+ i (r £ -N) }, 



A = { - 25 n (n £ N), ±5 r - 6 S (r, s £ -N, r < a) }. 



n V = {/3 v = £i + /3 r v = £ r + £ r+ i (r £ ^N) }, 
n = {/3 = -2<5i , /3 r = S r - 5 r+1 (r £ ±N) }, 

2 ' ~ 2 2 

A + = { - 2,5 r (r £ In), ±<J r - 5 S (r,s £ ^N, r < s) }. 
3.2. Tensor representations of g[(m|n) and hook Schur functions. 
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3.2.1. Hook Schur functions. Let A G y + and let s\(x±, yx,X2, 1J2, ■■■ ) be the Schur 
function corresponding to A. We can write (see e.g. [M]) 

s\(xi, yi,x 2 , V2,x 3 , V3, ■ ■ ■) = ^2 s ^( x i' x 2, • • • )s\/ IM (yi,y2,-- ■ )■ 

fiCX 

Define the hook Schur function corresponding to A |BR} IS1| to be 

HS\(x t , yi, x 2 , y 2 , ■ ■ • ) = ^2 x 2, • • • )s(\/ tM y(yi,y 2 , ■■■)■ 

From the definition it is not difficult to check the following (cf. [M, Chapter I §5 
Ex. 23]). 

Lemma 3.1. For a partition A we have 

HS X '{xi,yi,x 2 ,y2, •••) = HS\(y 1 ,x 1 ,y 2 ,x 2 , ■■■). 

3.2.2. Irreducible tensor representations of Ql(m\n). Below we present some basic 
results for the Lie superalgebra gl(m|n), for m G N and n G N U {00}, that will be 
used in the sequel. 

Consider the space C m ' n spanned by basis elements with i € {— m, • • • , —1} U 
{1,2, ••• ,n}, for n finite, and i E {— m, ■ ■ ■ ,—1} UN, for n = 00. We assume 
that degej = for i < 0, and degej = 1 for i > 0. The Lie superalgebra g[(m|n) 
is defined similarly as in Section 13.1.11 Denote the elementary matrices by {Eij}. 
Here in Section 13.2.21 our Borel subalgebra is Yli<j ^Eij with Cartan subalgebra 
rj = ^2jCEjj. Let 5i G rj* be defined by (5i,Ejj) = 5ij. We choose a symmetric 
bilinear form (-|-) s on rj* such that (8i\5j) s = —sgn(i)5ij. For /i G rj* we denote by 
L(gl(m|n), /x) the irreducible highest weight module of highest weight fi. 

In this paragraph let us assume that n is finite. It is well-known [BR, SlJ that the 
tensor powers of the standard module C m ' n are completely reducible. The highest 
weights of the irreducible gl(m|n)-modules that appear as irreducible components 
in a tensor power of C m ' n are parameterized by the set 

y in : = {( X -m, A-m+i, • • • , A-l, Al, A 2 , • • • ) G P + |Ai < n} . 

To be more precise, let us write A~ = (A_ m , • ■ ■ , A_i), A + = (Ai, A2, • • • ) and A = 
(A~|A + ). The irreducible g[(m|n)-modules that appear in (C m l n )® fc have highest 
weights precisely of the form 

-1 

(3.2) A* = kSi + J^X'jSj, \X\ = k. 

i=—m j>l 

Such a module L(gl(m|n), X^) will be called an irreducible tensor module. Further- 
more, putting e Sl = Xi (i < 0) and yj = e Sj (j > 0) the character of L(gl(m[n), A^) 
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is given by (BRj [Si] 

(3.3) ^s^x-m, - ■ ■ ,x_i)s( A//Lt )/(yi 5 y 2 , •••)• 

For n G NU {00} let X m \ n denote the set of sequences of m + n integers, which we 
index by the set {— m, • • • , —1, 1, • • • , n} for n € N, and {— m, • • • , — 1}UN for n = 00. 
We assume that a sequence in X m \ n has only finitely many non-zero entries. Let 
-^m\n ^ra\n ^ e g^gg^ consisting of sequences of the form ft = (fi~\fi + ), where 
fi~ = (/i- m , • • • , /U-i) is a generalized partition of length m and /i + = (fii, fi2, • • •) is 
a partition. We may regard ft E X m l n as the element ^i>- m woft^' e ^ • 

Consider the category 0^| n of rj-semisimple g[(m|n)-modules consisting of objects 
M that have composition series of the form 

C Mi C M 2 C M 3 C . . . 

with U£i = an d such that each composition factor is of the form L(g[(m|n), fi), 
/U € AT™' n . Furthermore we assume that each isotypic composition factor appears 
with finite multiplicity. 

Recall the truncation functor of [CWZ1 Definition 4.4] defined as follows. Let n 
be finite and let fi G Note that in the case (fi\5 n+ i) s = we may regard 

H as a weight of Ql(m\n) by ignoring the zeros. Define for M G 0^, a functor 
tr n : Ot^, — ► 0^| n by setting tt n (M) to be the linear span of all weight vectors 
m G M such that (wt(m)\5j) s = for j > n, where wt(m) denotes the weight of m. 
Clearly tr n is an exact functor. It is shown in |CWZ} Corollary 3.6] that 

, QA \ , (T( u , v ^ \Hfil(m\n),n), if {fi\S n+1 ) s = 0, 

(3.4) tr n (L(gI(m|oo),At)) = < 

I 0, otherwise. 

Lemma 3.2. The gI(m|oo) -module ^C m l°°)® fc is completely reducible. Furthermore 
we have 

(C m|oo )® fe ^0L(g[(m|oo),A^, 

A 

where the sum ranges over all partitions A = (A_ m , • ■ • , A_i, Ai, A2, • • • ) with |A| = k, 
and m\ G N. 

Proof. Suppose that in (C m l°°)® fc we have a non-trivial extension of the form 

(3.5) — ► L(gl(m|oo), 7 ) — > E — ► L(g[(m|oo), p) — ► 0. 

Take a finite n S> such that {"f\Sj) s = (jj,\8j) s = 0, for j > n + 1. Applying the 
truncation functor tr n upon f)3.5j) we get an exact sequence of g[(m|n)-modules 

— ► L(gl(m\n),j) — > tx n E — > L{g{(m\n), fi) — > 0. 
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Since tt n (C m l°°) 0/c = (C m \ n )® k , tt n E is an extension inside (C m \ n )® k , which there- 
fore must be a split extension. Thus we may assume that there exists € E that 
is annihilated by all Ea+i, for i < n — 1. Now E^i+iVn has weight \i + b% — d~i+±, 
for i > n. But there are no such weight spaces in E, being an extension of two 
highest weight modules of highest weights 7 and fi. Thus Ei^ + \v^ = 0, for i > n, 
and hence is a genuine highest weight vector inside E. Now U(gl(m\k))vu = 
L(Ql(m\k), fj), for all k > n, and hence U(Ql(m\oo))v^ = L(gl(m|oo), fi). It follows 
that U(gi(m\oo))v^ n f/(gl(m|oo))v 7 = 0, and thus (|3,5p is a split extension. 

The second statement is easy using the truncation functor again together with 
the statement for finite n. □ 

Lemma [3.21 allows us to define irreducible tensor representations of gl(m|oo) in an 
analogous fashion. It follows that they are parameterized by y + . Furthermore the 
character of L(g[(m|oo), X^) is given by (|3.3p with n = 00. 

Assume that n is finite. Let 7 G x m ' n . We denote the central character corre- 
sponding to 7 by X7 (see e.g. [SeJ, |B]). Weights in f)* corresponding to the same 
central character can be characterized as follows. Let P be the free abelian group 
with basis {e a \a € Z}. Define 

-1 n 

e y := e 7*-« ~~ g -7j+j- 

i=— m j'=l 

Then x 7 = X^t if an d on ly if £7 = e n ( see [HI Lemma 4.18]). Returning to tensor 
modules, take a partition A = (A_ m , • • • , A_i, Ai, A2, • • • ) with Ai < n. Consider 

-1 n 

i=—m j=l 

Lemma 3.3. Let A € IP^. and suppose that for some i,j>0 we have A_j + j = 
— A^ + i. Then we have A_j = i — j, A ■ = 0, and hence X' s = 0, for s = i + 1, ■ • • , n. 

Proof. The equality A_j + j = —A- + i implies that A_j + A- = i — j. Now if \[ > 0, 
then A_j > i. But then the identity implies that A^ = 0. □ 

Lemma 3.4. The map given by A 1— > zs an injection from to P. 

Proof. We will show that we can construct the partition A from e A n . 
In light of the Lemma 13.31 we can construct A as follows. Consider 

(3.6) £\tt = £ ai + h £ as — £61 — ' ' ' — £f>t; 

with a\ > 02 > • • • > a s , and b\ < 62 < • * • < ^t- The total number of terms is 
m + n — 2fc, where /c is the degree of atypicality of A. Let 

(3.7) e° = -e bl e bt . 
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Assume that k > 0. Otherwise it is clear what A is. Let cq < n be the smallest 
positive integer such that — e co +i — s C0 +2 — ■ ■ ■ — e n is a. summand of (13. 7p above. 
Then we define 

(3.8) e_ = — — • • • — — e CQ . 

Now we let c\ < Co be the smallest integer such that — £ Cl +i — • • • — e n is a summand 
of (|3.8p . Define analogously et cetera until we get 

fe-l 

i=0 

Consider 

fc-i fc-i 

i=0 i=0 

From this form with m + n summands we can read off A easily. □ 

Corollary 3.1. Let n G N. The irreducible tensor representations have distinct 
central characters. In particular for A,/j 6 -^mln we have 

Ext 1 (L(0t(m|n),A*),L(0l(m|n),/^)) = 0. 

Let + "f denote the full subcategory of + , such that each composition factor 

m\n ° J m\n 1 

isomorphic to an irreducible tensor module. 

Remark 3.1. Let n E N and let + ~!~^ denote the full subcategory of + ^~ consisting 

m|n ° J m\n ° 

of objects that have finite composition series. Then O^j 1 ^ is a full subcategory of 
the category of finite-dimensional gl(m|n)-modules. From Corollary 13.11 and the long 
exact sequence one shows, using induction on the length of the composition series, 
that Ext 1 (M, N) = 0, for M,N € O^' 7 - The projective cover P(gl(m|n), A h ) 
of L(fil(m\n),\*) exists in the category of finite-dimensional gl(m|n)-modules (see 
e.g. [B]). Now consider the short exact sequence 

— > K — ► P(Ql(m\n),\^) — ► L(Ql(m\n),\^) — ► 0. 

From the long exact sequence one shows that Ext*(M, N) = 0, and in particular, 
Ext* (L( [(m|n),A^),L( S [(m|n),^)) = 0, for all i G N. 

Theorem 3.1. For n £ NU{oo} the category is a semisimple tensor category. 

Proof. Given M, N € Q^t with composition series C Mi C M 2 C . . . , and 
C Ni C N 2 C . . ., respectively. We obtain a filtration of M ® N 

C Mi ® iVi C M 2 <g> iV 2 C . . . , 
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whose composition series is a composition series for M (g> N. Now for A,//, v G J^^, 
L(A^) C L(^)®L{v*) only if |A| = H + M- Thus every isotypic composition factor 
of M <g> N appears with finite multiplicity. Hence 0^~ n is a tensor category. 

The theorem for a finite n now follows from Corollary 13.11 To show the statement 
for n = oo we need to show that any exact sequence of g[(m|oo)-modules of the form 

— ► L(gl(m[oo), A h ) — > E — ► L(g[(m|oo), ^) — ► 

is split. For this choose a finite n sufficiently large so that < n. Applying the 

truncation functor tr n we get an exact sequence of g[(m|n)-modules 

— ► L(Ql(m\n),X^) — ► tt n E — ► L(gl(m\n), /J) — ► 0, 

which is split. Now repeating the arguments of Lemma [3 .21 completes the proof. □ 

3.2.3. Non-standard Borel subalgebra of Ql(m\m). Below we will discuss the highest 
weight theory of the Lie superalgebra Ql(m\m), for m G N U {oo}, with respect to 
the non-standard Borel subalgebra. 

Let C m ' m = C >0 be the superspace of dimension (m|m). We assume that it has 
a basis { e r \ r = |, 1, |, 2, • • • } with dege r = for r € {1, 2, • • • }, and dege s = I 
otherwise. With respect to this basis the subalgebra generated by E rs (r < s) will 
be called the non-standard Borel subalgebra of gl(rn\m). 

For a finite m it is clear that (^2 m \ m ^ k j s a completely reducible g[(m|m)-module, 
and the irreducible factors are the irreducible tensor representations, which are pa- 
rameterized by A = (Ai, A2, . . .) S T + with A m+ i < m. In fact, for such a A, the 
highest weight (with respect to the non-standard Borel subalgebra and the Cartan 
subalgebra ^ r C£ , r . r ) of the corresponding representation of gl(m\m) is given by 
£ r ,aA with (cf. e.g. [CW21 Section 7]) 

/{A;, + 1 -(r-i)), ifr€{|,|,-}, 
a r =< T+ 2 

[(A,-r), ifr e{l,2,---}. 

Above (k) = k, for k > 0, and (k) = 0, otherwise. By (|3.3|) its character, which is 

the trace of the operator T\ r xf rr , is HS\i(xi,xx,X3, • • • ), since the standard and 

2 2 

non-standard Borel subalgebras share the same Cartan subalgebra. 

For m = 00 it is not hard to show, with the help of a similarly defined truncation 
functor, that an analogous statement of Lemma 13.21 remains valid in the setup of 
non-standard Borel. 

We define respective categories [rn G NU{oo}) which is a semisimple tensor 

category for m G N by Theorem 13.11 Using this fact we then can show in an 
analogous fashion the following. 

Theorem 3.2. The category + 1~ is a semisimple tensor category. 
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To simplify notation for later on we set, for m = oo above, g[ >0 := g[(oo|oo), 
which may be regarded as a subalgebra of Ql^^ spanned by E rs with r, s > 0. Let 
0[< o be the subalgebra of 0^|oo spanned by E rs with r, s < 0, which is isomorphic 
to fll >0 . 

Let C-° = J2 r e--z + ^- e r- Similarly, we call an irreducible component of (C-°*)® fc 
an irreducible dual tensor representation of gt<o- As in (C >0 )® fe , each irreducible 
component corresponds to A G 1P + , whose highest weight with respect to the non- 
standard Borel subalgebra ^2 r<s CE rs and the Cartan subalgebra Yl r e--Z C-EW is 
given by 

J (A_ r+ i + r), ifre-Z+, 
x o r o r , where b r — ' 



Its character is HS\(x ,x_ 1 ,x_ 1 ,...) and we have an analogous statement on 

— 2 

semisimplicity of an analogous category of dual tensor representations. 

3.3. Super dual pairs on infinite-dimensional Fock spaces. Let g be one of 

the Lie superalgebras defined in Section [3.11 Let A G f)* be given. By standard ar- 
guments there exists a unique irreducible highest weight g-module of highest weight 
A, which will be denoted by L(q,A). For A G f)*, we set A s = (A,E SS ) (s G |Z) if 
= 0loo|oo, and A s = (A,E S ) (s G ±N) if fl = %,C,T>. 

Fix a positive integer t > 1. Consider £ pairs of free fermions ^^(z) and pairs 
of free bosons 7 ±,J (z) with i = 1, • • • , ^. That is, we have 

nGZ nGZ 

rgi+Z r£±+Z 
with non-trivial commutation relations 

Vl>m\ i'n' 3 ] = 5ijSm+n,0, [lf'\ 77 ' J ] = <%<Ws,0- 

£ 

Let ^ denote the corresponding Fock space generated by the vaccum vector |0), 
which is annihilated by ipn '\ ipm' 1 , 7r for n > 0, m > and r > 0. 

We also consider the following £ pairs of free fermions -i/^' 2 (i = 1, • • • ,£): 

$+>\z)= E ^*- n -\ ^' 1 (Z)= E VV^, 

n6Z\{0} neZ\{0} 

with the same commutation relations. We denote by 3o the Fock space correspond- 
ing to ip > l (z) and r y ±,t {z) (i = 1, • ■• ,£) generated by the vacuum vector |0) with 
^'*|0) = 7^|0) = 0, for n,r > 0. 
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We introduce a neutral fermionic field (j>{z) = X^«ez\{o} ^ nZ n 1 an< ^ a neu " 

tral bosonic field x( z ) = 'l2re-+i,Xr z ~ r ~^ with non-trivial commutation relations 

i 

[0 m , n ] = 5 m+nfl and [x r , % s ] = 8 r+sfl . Denote by ^ the corresponding Fock space 
generated by the vacuum vector |0), which is annihilated by 4> m and Xr f° r m,r > 0. 

—£+- —£ — - 

We denote by # 2 the tensor product of $ and 3o • 

Let W be the Weyl group of the Lie algebra g, and G the dual partner of q in 
Section ES We let A±, X w (A G 3>(G), io £ Ty fe °) be as in Section E21 Let x r 
(r G ^Z) and (i = 1, • • • , £) be formal indeterminates. 

3.3.1. The {qI^^GL^)) -duality. Given A G 0»(GL(£)), we define A°(A) G f)* by 

A a (A) i = (A^-i), i£N, 
A°(A), = -(-A;.+j), JG-Z+, 

A a (A) r = (A r+1/2 - (r - 1/2)}, r G ± + Z +> 

A a (A) s = -(-A £+(s+1/2) + (s - 1/2)), se-i- Z + , 
(A a (A),K)=^. 



Proposition 3.1. |CW2t Theorem 8.1] There exists an action of gl^^ x GL(£) on 
—t 

5 . Furthermore, under this joint action, we have 

(3.9) f= L(0l^,A a (A))®y G A LW . 

AeT(GL(f)) 

Computing the trace of the operator J^se^x x f ss T\i=i z i" on both sides of (|3.9p . 
we obtain the following identity: 

(3.10) 

^A 



nllnGN(l + x n z i)(l + X +l Z i ) ^ ~ a 
_ = ^ chL( [ M|oo ,A (A))chl/ ( 



= 1 llr6l/2+Z + (l ^r^Xl 



32 ,v. Z, 



AeT(GL^)) 



Set x>o = {xi ,xi,X3, • • • }, x < q = {x ,x_ 1 ,x_ 1 , • • • }, and 

— 2 



(1 - x4+i^')(l - X J + l^_l) 



£° = TT - 



KOSTANT'S HOMOLOGY FORMULA 



23 



Theorem 3.3. For A G T(GL(£)), we have 
- 1 00 

chL(gl oo|oo ,A a (A)) = =,^ J2 (- 1 ) kHS (Xt)'(^) HS x^lD- 

k=o we w° 

Proof. The proof is similar to that of Theorem 3.2 in |CLj . First we use (|2.17D 
and (|2.18p to write (|2.5p as an identity in {xZ 1 j}jez+ and {xjjjgN- Next we replace 
{xZj}jEZ+ ( res P- {^ilies) with {xZ]} je i z+ (resp. {xj} je i N ) in this new identity, 
which we regard first as a symmetric function identity in the variables {xZj}j e i+% ■ 
This allows us to apply to it the involution of symmetric functions that interchanges 
the elementary symmetric functions with the complete symmetric functions (see 
e.g. [Ml Chapter I, §2, (2.7)]) and obtain, using Lemma l3TT| 



nnn (1+ r!-^y = £ chF -«> x 



Er=o T, we w2 ( _1 ) fes A+ {xi,x lt ~- )HS X - (x \x_\ , x_\, 
(3.11) 



2 



riieNje-§N(l x -\+i x i)l (1 + x i) 

Now we regard (|3.1ip as a symmetric function identity in the variables {xj}j e i + % + 
and apply the involution again to obtain, using Lemma 13. 11 



Uijmi 1 ~ x -l+i x j)( 1 ~ x _} l+ i_ x j-i)/{^ + x_} +1 xj_i )(l + x _] + i x j)' 

Now the theorem follows from ([37lO|> and the fact that the set {chV^ Lj - JA G IP(GL(£))}, 
being the set of Schur Laurent polynomials, is linearly independent. □ 

We record an identity (cf. [CWlj Remark 3.3]) that can be proved similarly as 
Theorem 13.31 using the classical Cauchy identity: 

(3.12) ]J IUll^) = £ HSy( X>0 )s x ( Zl ,...,z e ). 

i=1 llrel/2+Z+U X r Z i) XeV+AX) < e 

3.3.2. T/ie (%,Pm(2£))- duality. For A G !P(Pin(2^)), we define A fa (A) G fj* by 
A b (\) i = (\' i -i), ieN, 

A b (X) r = (K+i/2 - (r - 1/2)}, r G \ + Z+, 
(A"(A),K)=1 
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Proposition 3.2. [CW2, Theorem 8.2] There exists an action of H> x Pin(2£) on 
— i 

5 . Furthermore, under this joint action, we have 

(3.13) tf* L(%,A b W)®V F \ n{2e) . 

AeT(Pin(2£)) 

„E S fit 



Computing the trace of the operator Ose 1 N x s Wi=\ Z T on both sides of (13. 13[) . 
we obtain the following identity: 
(3.14) 

Aw +<h n n T w(1 a % " E ^n%,f W) ^ {2e) . 

t=l llr€±+Z+U & r Z,^± ^ J AeIP(Pm(2f)) 

Theorem 3.4. For A G y(Pin(2^)), we /iat>e 



1 oo 

chL(S,A b (A)) = =£ £ (-l) fc ift? (Ato) ,(x >0 ), 

where 



D k=O w£ w° 



_ b (1 - Xi)(l - XiX j+1 )(l - XilXjl) 

D = — . 

- L - L ( 1 + X- 1 )(1 + XiX- , 1 HI + X, lXj) 

Proof. The proof is similar to that of Theorem 13.31 Replace {xj}j^ with {xj} ,- e i N 
in (|2.14h . and then apply the involution to the symmetric functions in {xj} - g i , z 
(cf. [Ml Chapter I §5 Ex. 4,5]). Then the result follows from the linear independence 
of{ch^ n(2O |A£0'(Piii(2£))}. □ 

3.3.3. T/ie (e,Sp(2£))-d«a/%. For A G 5 (Sp(2^)), we define A C (A) G jj* by 
A C (A), = (Aj-*>, ieN, 

A c (A) r = (A r+1/2 - (r - 1/2)), r G i + Z+, 
(A C (A),K)=1 

Proposition 3.3. [LZl Theorem 5.3] There exists an action of C x Sp(2£) on 
Furthermore, under this joint action, we have 

* T/ Sp(2^)- 



(3.i5) r = x(e,A c (A))®y s A 



Ae0 5 (Sp(2^)) 



Computing the trace of the operator Yl a& iffXj" lL=i Z T on both sides of (|3.15|) . 
we obtain the following: 



ri^eN^ + x n z i)0- + x n z i , 

i Ure^+z+i 1 -x r Zi)(l -x r z i x ) Vv:|)(Sp(2(n 



<»•>•) n n "r",Tr:i';,7r:'.-i, - e 
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Similar to Theorem 13.41 we obtain the following. 

Theorem 3.5. For A G ?(Sp(2f)) ; we have 

- _ 1 °° 

chL(e,A c (A)) = =,]T Y, (-l) k HS [Xw y(x >0 ), 



k=0 w€W° 



where 



_ c _ (1 - XjXj)(l - Xj_lX j+ l) 

3.3.4. The (T),0(m))- duality. For A G :P(0(m)), we define A°(A) G fj* by 
A (A) i = (A^-i), i G N, 
A°(A) r = (A r+1/2 - (r - 1/2)), r G \ + Z+, 
(A°(A),^) = |. 

Proposition 3.4. [LZ1 Theorems 5.3 and 5.4] There exists an action of T> x O(m) 
on 5 2 . Furthermore, under this joint action, we have 

(3-17) 3 2 - LCD,A°(A))®y A (m) . 

AeT(0(m)) 

Suppose that m = 21. Computing the trace of the operator Ilse-N 3 '? 3 Tli=i Z T 
on both sides of (|3.17p . we obtain the following identity: 



(318) n n^ti+^-Ki+^r 1 ) E cllL( s,A» (A))chV ;A 

=1 llrel+Z+k 1 ^2^1 j A eT(0(2^)) 



0(2£)- 



Suppose that m = 2£ + 1. Let e be the eigenvalue of — I m on 0(2^ + l)-modules 
satisfying e 2 = 1. Calculating the trace of the operator rise^N^? 3 ili=i Z T(~ ^m) 
on (fBTTTl) yields 
(3.19) 



T rin g N(l + ^)(l+^ yi+CSn) _ y C hL(S A°(A))^^ 



0(2£+l)- 



Theorem 3.6. Suppose that A G !P(0(m)) is given. Put 

[I - XiX j+1 )(l - XslX-l] 

J 1 2 J 2 



(1 +XiX j+ l)(l +x i _ix j 
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(1) If m = 21 + 1, then we have 

CO 

chL(£,A°(A)) = =^ Yl (-l) k HS {Xw y( X>0 ). 

(2) If m = It, then we have 
chL(%, A°(A)) + chL(V, A°(A)) 

H S(\ w y(*>o) +HS {Xw y(x >0 ) . 

Proof. The proof is similar to that of Theorem 13,41 However, note that in the case 
of (2), Vq(2£) an d Vo(2t) are isomorphic as so(2^)-modules, and they give the same 
character. Hence, the result follows from comparing the coefficients of chV^ 2 ^ for 
A G 7(0(21)) with length less than or equal to I (cf. [UZ2l Lemma 6.1]). □ 

From now on we mean by (g, G) one of the dual pairs of Section 13.31 and by 
r G {a, b,c,D} the type of q. The map (consisting of involutions of symmetric 
functions) that transforms (|2.18p into chL(g, A r (A)) of the form in Theorems I3.3tf376l 
will be denoted by u*. 

4. The Casimir operators 

4.1. The bilinear form ( | ) c and the Casimir operator Q of q. Suppose first 
that q = gloo- We fix a symmetric bilinear form (-|-) c on rj* satisfying 

(A| ei ) c =(A,i^-C(T>§ ), \€f)*,i€Z, 

(A a |A °) c = (A > c ) c = 0, 

where ((i) = 1 (resp. —1) if i > (resp. i < 0). Such a form exists, since the vectors 
{fijiGZ, Aq and p c are linearly independent. We check easily that 

(ei\ej) c = Sij, (Ag|ej) c = — , i,je%, 

(pc\oii) c = ^(ai| Q i)c i G I- 

Suppose that 5 = Poo with j: £ {b,c,0}. We choose a symmetric bilinear form 
(■\-)c on rj* satisfying 

(A| Ci ) c = (\,Ei-K), i£N, 
(Al\Al) c = (Al\p c ) c = 0. 

Also one checks that (ei\ej) c = 6^, (A^e^c = — r for i,j E N, where r = ^, 1, \ for 
r = b,c,t>, respectively, and 2(p c \cti) c = (ai\ai) c for i G /. 



= =*E E 
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Now for each g of type p G {a, b, c,U}, let { }j g / be the sequence defined by 

u I i, if i = 0, 

= = 1, iel, s >={ 2 ' 

ll, if i > 1 , 
Then it follows that 

(4.1) (A|a i ) c = S f(A,aV), 

for A G f)*, z G I so that (aj|aj) c = s^a^aj), for i, j G I. By defining (a^|aj) c := 
(s|sj) _1 (aj|aj) c , we obtain a symmetric bilinear form on the Cartan subalgebra of 
fl' = [BjBL which can be extended to a non-degenerate invariant symmetric bilinear 
form on g' such that 

(4.2) N/,) c = 

where and fj G J) denote the Chevalley generators of g' with [e^,/i] = 
a^ 7 . Thus the symmetric bilinear form on h* induces an invariant symmetric non- 
degenerate bilinear form on the derived subalgebra of g. Since every root space is 
one-dimensional, we can choose a basis {u a } of Q a for a G A + and a dual basis {u a } 
of Q- a with respect to (-|-) c . 

Let V be a highest weight g-module with weight space decomposition V = ® M V^. 
Define : V — > V to be the linear map that acts as the scalar (/i + 2p c \fi) c on Vn- 
Let T2 ■= 2^ a gA+ u0lu a- Define the Casimir operator (cf. [J]) to be 

fi:=ri + r 2 . 

It follows from (|4.1h and (14. 2j) that f2 commutes with the action of g on V (cf. [Jj 
Proposition 3.6]). Thus, if V is generated by a highest weight vector with highest 
weight A, then Q acts on V as the scalar (A + 2p c |A) c . 

4.2. The bilinear form ( | ) s and the Casimir operator Q of g. Suppose first 
that g = glooioo- Define Aq G fj* by (Aq, if) = 1 and (A.Q,E rr ) = 0, for all r G |Z. 
We choose a symmetric bilinear form (-|-) s on f) satisfying 

(A|<5 r ) a = (-l) 2r (X,E rr - (-l) 2 ^(r)|), A G tj*, r G ±Z, 
(A a |A Q ), = 0. 
Here we set that p s = G f)*. We check easily that 

(<5 r |<5 t ) s = (-l) 2r <5 r ,, (A> r ) s = r,t G 1 



2 



1 

(Ps\Pr)s = ^(A\Pr)s, r G /. 
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Suppose that 5 = X for X € {£, S, D}, with y £ {b, c,c)} denoting the respective 



type of g. Define Aq € h* by (A[j, AT) = 1 and (A* ,E r ) = for r € ^N. For C, we 
put p s = 0. For the other cases, let p s <G f) be determined by 



(ps,E r ) 



1 J 2 ' ' r€-N, 

(-l) 2r , for V, 2 



<p a ,*0 = o. 

We fix a symmetric bilinear form (-|-) s on rj* satisfying 

(A|(5 r ) a = (-l) 2r (\,E r - {-l? r K), Xef,re ^N, 
(A£|A>) s = (A> s ) s = 0. 

Then we can check that (<5 r |<5t)s = (— l) 2r <5 r t, (Aq |<5 r ) s = —1 for r,t £ ^N, and 
2( /0s |/3 r ) s = (/3 r |/? r ) s for re 7. 

Now, for each g of type j: E {a, b, c, 0}, let {si } re j be the sequence defined by 

s« = s* = s c r = (-l) 2r , re I, 



si 



2, if r = 0, 

(-l) 2r , ifr>|. 



Then we have 

(4.3) (A|/3 r ) s =^(A,/3 r v ), \ef,rel, 

so that (/3 r |A) s = sliPr, A v ) for r,t €l. By defining (/3 r v |/3 t v ) s := (s^)- 1 ^/?*)*, 
we obtain a symmetric bilinear form on the Cartan subalgebra of g' = which 
can be extended to a non-degenerate invariant super-symmetric bilinear form on g' 
such that 

(4.4) (e r |/ t ) s = <W^ 

where e r and / 4 (r, t 6 /) denote the Chevalley generators of g with [e r , / r ] = • 

We have now all the ingredients to define the super-analogue of the Casimir op- 
erator. Namely, for j3 G A , let g^ be the root space of g corresponding to (3. Take 
a basis {up} of g~g, and a dual basis {u@} of g.^ with respect to (-|-) s . For any 
highest weight g-module V, with weight space decomposition V = ©^V^, we define 
Fx : V — > V to be the linear map that acts as the scalar (fi + 2p s |//) s on V^. Let 
T2 := 2 ^ /3e ^+ u^up. For example, if g = gl^oo, then we have for r € / 

u^u Pr = (-irE r+hr E r>rH . 
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Define the Casimir operator to be 

(4.5) n:=Fi + r 2 . 

Proposition 4.1. Let V be a highest weight Q-module. The operator f2 commutes 
with the action o/g on V . In particular, ifV is generated by a highest weight vector 
with highest weight X, then 0, acts on V as the scalar (A + 2p s \\) s . 

Proof. The argument is parallel to the one given to prove [Jj Proposition 3.6]. Here 
we use (|4.3p and (|4.4p to replace the corresponding identities of (Jj. □ 

4.3. u_-homology groups of g-modules. Suppose that (q,G) and (q,G) are the 
dual pairs of type p G {a, b,c, 0} given in Section 12.31 and Section 13.31 and A G 
7(G). Recall the following results for integrable modules of generalized Kac-Moody 
algebras [Jj [L] applied to our setting. 



Proposition 4.2. 



(i) If r] e is a weight in A fe u_ <g> L(g,A r (A)) with (n + 2p c \rj) c = (A J (A) + 
2p c \A f (\)) c , then there exists w G W® with rj = woA f (A) and r\ appears with 
multiplicity one. 

(ii) The l-module Hfc(u_; L(g, A- r (A))) is completely reducible. Furthermore if 
L(i,rj) is an irreducible component o/H&(u_; L(g, A ? (A))) ; then (rj J t-2p c \r]) c = 
(A*(A) + 2 Pc \A*(\)) e . 

Let A := A + U A be the set of roots of 0, where A = — A + . Let A^ := 
A* n (Y, r ^Q Z&) and A^S) := A* \ A5 . Let 

( 4 g) "± : = X] 5/?©F» P:=^©u+. 

Then we have g = xE_j_ © [©u_. The Lie superalgebras I and share the same Cartan 
subalgebra. It is not difficult to see that I = g( >0 © 0l<o © CK if = flloo|oo; an d 
I ^ gl >0 © CiT otherwise. 

For p G f) we denote by L(l, p) the irreducible highest weight representation of 
I with highest weight For q = gl^oo, let be the set of p G h* such that 

A 4 = SrgizMr^r + c ^o f° r some c G C and X) re i N /irA- (resp. ^ rg _i z+ Mr^r) is 
a highest weight for an irreducible (resp. irreducible dual) tensor representation of 
0[ >o (resp. 0l<o)- For = X with X G {!>, C, D}, let 7j be the set of p G rj* such 
that p = Ylre-n ^r^r + cAq for some c G C and X^-e-N AV^r is a highest weight for 
an irreducible tensor representation of 0t>o- 

Now consider the homology groups Hfc(u_; L(g, A r (A))), which are defined analo- 
gously (see e.g. |Fu } IKKj ). 
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Lemma 4.1. The {-module L(g,A r (A)) is completely reducible. 

Proof. We will only show this for g = gl^oo- The other cases are analogous and 
omitted. 

Consider the Fock space J with I x GL(^)-character 

j~J IlneN^ + x nZi){l + X_l l+1 Z i 1 ) 



1=1 Ilrel/2+Z + (1 2V^i)(l x ~l z i 1 ) 

which is the left hand side of (I3.10p . Using A3. 12H twice we see that (|4.7p can be 
written as 

\,l*e3+;l(X),l(n)<£ 

Thus (|4.7p can be written as an infinite sum of HS\i(x > o)HS fi (x^Q) such that each 
summand has a finite multiplicity. Now Theorem l3. 21 implies that j , as an I-module, 
is completely reducible. Since L(q, A a (A)) is a direct summand of a completely 
reducible module, it is also completely reducible. □ 

Lemma 4.2. The {-module Hfc(u_; L(g, A^A))) is completely reducible. 

Proof. First suppose that g = gl^^ with I = g[< © gl >0 © CK. As a g[< © g( >0 - 
module, ii_ = C-°* © C >0 . We claim that A k (xi-) is completely reducible, and each 
irreducible component is an irreducible dual tensor representation of g[< tensored 
with an irreducible tensor representation of g[ >0 - This can be proved, for example, by 
using an analogous truncation functor argument as in Section [3.2.21 in combination 
with the skew-symmetric Howe duality for a pair of finite-dimensional general Lie 
superalgebras |CWlj Theorem 3.3]. By LemmaHj] L(g[ 00 | 00 , A a (A)) as an I-module 
is completely reducible, and hence by Theorem 13.21 A fc (u_) <g> L(g[ oo i 0O , A a (A)) is 
a completely reducible (-module. Since any subquotient of a completely reducible 
module is also completely reducible, the result follows. 

Now suppose that g = 2,6,2). Then I is isomorphic to gt >0 © CK and as a 
g[ >0 -module, 



(4- 



A 2 (C >0 )ffiC >0 , if I = S, 
,S 2 (C> ), ifg = C, 

[A 2 (C>°), ifg = £, 



which is a direct sum of irreducible tensor representations. By Theorem 13 . 2 1 A k ( u_ ) 
is completely reducible over I This together with Lemma 14.11 shows that A k (u_ ) © 
L(g, A r (A)), and hence H&(u_; L(g, A J (A))), is completely reducible. □ 
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Remark 4.1. Alternatively, Lemmas 14. II and 14.21 also follow from the unitarity of the 
respective I- modules. 

We have the following super-analogue of the action of the Casimir operator on 
homology groups (cf . |GL[ IL~1 [J]). 

Proposition 4.3. Let 7 E 7^ and let L(l, 7) be the irreducible J-module of highest 
weight 7. If L(J,j) is a component of Hfc(TI_; L(g, A J (A))), then (7 + 2p s \~/) s = 
(V(X) + 2 Ps \A\X)) s . 

Proof. This can be proved following the same type of arguments as the one given in 
the proof of [Lj Proposition 18] and thus we will omit the details. We only remark 
that in the process we use the same bilinear form (-|-) s and the same p s to define 
the corresponding Casimir operator for [ as in (|4.5p , □ 

5. Computation of u_-homology groups 

5.1. Comparison of Casimir eigenvalues. Let IP 1 denote the set of sequences 

a = (01, ai,aa, ■ ■ •), where (01, 03, • • • ) and (01, 02, • • • ) are strict partitions, such 

22 22 

that a s = implies that a s+ i = 0, for all s. We can define a map 9\ : 1P + ->T as 
follows. For A = (A x , A 2 , • • • ) G 9 + , let 

^(A) = «Ai), (Xt - 1), (A' 2 - 1), (A 2 - 2), (A' 3 - 2), (A 3 - 3), • • • ). 

It is easy to see that #i(A) E ^P 1 and 9\ is a bijection. We have the following 
combinatorial lemma that is equivalent to [Ml 1.7], where an elegant proof can be 
found. 

Lemma 5.1. Let i = 1, • • • , N with N > X[. The set {A£ - % + 1 1 A£ - i + 1 > 

0} U {— Aj + i I Aj — i < 0} is a permutation of the set {1, 2, • • • , N}. 

For a, b E IP , we define 

(o|6) a := £ (-l) 2r a r b r . 

re±N 

For A E !P + , we define 

(A + 2pi|A)i :=^A 4 (A 4 -2i). 

igN 

Proposition 5.1. For X E T + , we have 



(A + 2pi I A) 1 = (0i(A)|^(A)) 
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Proof. Let s be the smallest positive integer such that A s — s < 0, and I the length 
of A. We have 



(9 1 (X)\e 1 (X)) s = £<A, - if - ~ 3 + 1) 



Y^{\ - i)(X t - i) - £(A, - *) 2 - - J + I) 2 

i=l j=s j 

£(A* - i)(A, - i) - £(-A, + if - -3 + 1) 

i=l j=s j 

i K 
y^(Aj — i)(\i — i) — ~^2j 2 by Lemma I5TT1 

i=i j=i 

i=l i=l j=l 

I 

Y,Uh-2i) = (A + 2 Pl |A)i. 



□ 



— 2 

We also need to consider a slightly different setup. Let T denote the set of 
sequences a = (ao, ai, a%, a,3 , ■ ■ ■ ), where (ao, ai, a 2 , ■ ■ ■ ) and (at , az , as , ■ ■ ■ ) are 

2 2 2 2 2 

strict partitions, such that a s = implies a„ , i = for all s. Let A be a partition, 

~ l ~2 

whose rows and columns we index with Z + , i.e. A = (Ao, Ai, • • • ). We define similarly 

2 

an element 02{X) € 5> by 

2 (A) := ((Ao), (A - 1), (Ai - 1), (X[ - 2), (A 2 - 2), (A 2 - 3), • • • ). 



2 

For a, b G IP , we define 



i[6), := ^ (-l) 2r a r 6 r . 



For A S !P + , we define (A + 2/>2|A)2 := J2iez + ~~ Similarly one can show 
the following. 

Proposition 5.2. For A € J >+ ; we /iaue 

(A + 2p 2 |A) 2 = (0 2 (A)|0 2 (A)) s . 

Corollary 5.1. Let X, p be partitions. Fori = 1,2, we have (X+2pi\X)i = (fi+2pi\fj,)i 
if and only if (^(A)|^(A)) S = (0^)1^)),. 
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5.2. Formulas for the TIL-homology groups. We keep the notation of Section 
4. Suppose that \i = J2ieN l 1 ^ ~ Ylje-z ^i e i + n ^o e ls gi ven i where we 
assume that fij = for j < if g / gl^. By definition, p + = (fi\, /J2, ■ ■ ■ ) and 
/i~ = (fxo, fj,-±, n-2, ■ ■ ■ ) are partitions. Set 6i(fi + ) = (ai , ai, 03, ■ ■ ■ ) G T and 

02 = (6 ,6i,6i,6|,---) £? 2 . We define 



(5.1) := { 



SrG-§N a r$r + JlAg, if g = boo, Coo , t>oo , 

where n = w(Aq, if). It is not difficult to see that 0(/x) G J 5 -^ and yields a bijection 
from 0>+ to 3>+. In particular, 0(A*(A)) = A y (A) for A G 
For A € 7(G), we put 



(5.2) L( fl ,A'(A)):= 



(5.3) L([,0(woA r (A))) := 



L(g, A°(A)) © L( , A a (A)), if G = 0(21), 
L(g,A r (A)), otherwise. 

We define L(g,A"*(A)) in a similar way. For w G VF we put 

L(I, 0(w o A a (A))) © L(I, 0(w o A°(A))), if G = 0(21), 
L(l, 6(w o A y (A))), otherwise . 

Also L([, w o A*(A)) is defined similarly. 

Note that chL(g, A ? (A)) = u* (chL(g, A r (A))) and chL(l,6(ri)) = ^ (chL([, 77)), for 
?? G O 5 ^. 

Lemma 5.2. Lei A G 0>(G) and /j G If L([,p) appears in A fc u_ ®L(5, A ? (A)), 
i/ten i/tere exists a unique fi G J 1 ^, wrat/i 0(/j) = /J, suc/i i/iai L([, /x) appears in 
A fc u_ ®L(fl,A*(A)) mi toe same multiplicity. 

Proof. Since we have w r (chL(g, A y (A))) = chL(g, A ? (A)) for A G 7(G), we conclude 
that 

u/(ch[A fe u_ ®L( fl ,A*(A))]) = ch[A fc ii_ ©L(0,A ? (A))]. 

Since is a bijection, there exists a unique /j G such that 6(h) = ~fi. There- 
fore L(l, jj) is a composition factor of A fe u_ © L(g, A ? (A)) if and only if L(I, 0(/j)) 
is a composition factor of A fc ii_ © L(g, A ? (A)). Furthermore they have the same 
multiplicity □ 

The following lemma is crucial in the sequel. 

Lemma 5.3. For fi G 7^, we have 

(fi + 2p c \p) c = (6(p) + 2p s \9(fi)) s . 

In particular, for A G 7(G), we have (A*(A) + 2p c \A*(\)) c = (A r (A) + 2p s \V(X)) s . 
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Proof. Case 1. Q = gl^. Suppose that p = X^gn/^ ~ Y.ie-z+ ^ + nA o> where 

p + = (pi, p 2 , ■ • •) and a" = (/io, • • •) are partitions. Let 9i(p + ) = (oi, 03, . . .) 

2 

and 6*2 (p~) = (&0j &I } • ■ •)■ Using Proposition 15.11 and Proposition 15.21 we compute: 

2 

+ 2/j c |/i) c 

= (^J/ij6j + 2p c | ^^ej) c + ( /ijej-2p c | /Ujej) c 
iGN iGN ie-z + iG-z+ 

+ 2n(Ag|^^e 4 ) c -2n(AS| ^ /^Ci) c 
= 5^ A*»(A*i — 2 *) + 2 A*-i(M-»-2»)-n(5^/ii+ ^ Mi) 

iGN iGZ+ iGN iG-Z+ 

= (p + + 2p 1 \p + ) 1 + (pT + 2p 2 \p~) 2 -n(^2fH+ ^ 

iGN ie-z+ 

= (9 1 (p + )\9 1 (p + )) s + (9 2 (p-)\9 2 (p-)) s - n(J2 «r+ 2 

rG§N ^6^2+ 
= (X^ ^ a A)s + ( ^ Mr I Mr)a 

re|N rG^N re|z+ re§z+ 

+ 2n(Ag| ^ a A) - 2n(Ag| ^ Mr)a 

rG§N r G| z + 

= (9{p)\9{p)) s = {9(p) + 2p s \9{p)) S} 

where p s = in this case. 

Next, we assume that = foo with j: £ {b, c, c)}. Suppose that // = X^igN M« e i+ nA 0' 
where p° = (pi, p 2 , . . .) is a partition. Let 9\{p°) = [a\, 03, . . .). 
Case £. g = boo. 

{p + 2p c \p) c 

= C^Piei + 2p c \'^2 piei) c + 2n(Ap| ^/ijej) c = /^jjfMj - 2i + 1) -n^pj 

iGN iGN iGN iGN iGN 

= (p° + pi\p°)i + ^2pi - n^pi = (9 1 (p°)\9 1 (p°)) s + a r - n a r 

iGN iGN re | N rG l N 

= ( flr^rl ^ a r (5 r ) s + 2(p s | ^ a r (5 r ) s + n(A | ^ a r £ r ) s 

re|N re±N re|N rG§N 

^ — ^ j £j ^ — ^ i £j 

= ( 2^ a r <5 r + -nA + 2p s \ 2^ a r< 5 r + -nA ) s = (9(p) + 2p s [6>( / u)) s . 

rG±N ~ rG^N 



KOSTANT'S HOMOLOGY FORMULA 



35 



Case 3. = Cqq. 

(/i + 2p c \p) c 

= (y~] Hitj + 2p c \ y~][Hei)c + 2n(Ap| y^^ej) c = ^^(Mi ~ 2 ~ 2n ^ 
= ( / u o + p 1 |^ o ) 1 -2nX Aii = (0 1 ( M o )|0 1 ( / u°)) s -2n ]T a r 

= ( a r 5 r | O r <^r)s + 2?T.(Aq| a rS r )s 

= ( X a r 5 r + nA c + 2p s \ ^ a r&r + nA c ) s = (9{p) + 2p s \9(p)) s . 

Note that p s = in this case. 
Case 4. g = Ooo. 
+ 2p c |/i) c 

= C^piei + 2p c |^J / u i e i ) c + 2n(A^| X/Xjej) c = y^^m - 2(i - 1)) - n^J/i, 

= (p° + P1 \p°) 1 + 2j2vi-nY,i j i = ( i(v o )\ e i(v o ))s + 2 J2 a r- n J2 ar 

= a r 5 r | a r°~r)s + 2(p s | a r (5 r ) s + n(Ag| Or^rOs 

re|N re|N re|N re|N 

= ( ^ «A + ^Aq + 2p s \ ^ a r$r + ^Ao)s = (9(p) + 2p s \9(p)) s . 

□ 

Remark 5.1. Note that for A G 3>(0(2£)) 

(A°(A) + 2p c |A°(A)) c = (A°(A) + 2/> c |A a (A)) c . 

Corollary 5.2. Ze£ A G (P(G) and let A fc (u_) <g)L(g, A r (A)) = 0^ eJ ,+ L([,rf) m ^ be its 

decomposition into irreducible {-modules. Then r\ = 9 {wo A J (A)) ; for some w G Wu, 
if and only if {rj + 2p s \ V ) s = (A J (A) + 2p s |A ? (A)) s . 

Proof. Suppose that there exits w G W2 with r/ = fl(woA J (A)). Then by Lemma l5.3l 
and the VF-invariance of (-|-) c we have 

iv+2p s \ V ) s = {woA*(\)+2p c \woAi{\)) c = (A*(A)+2#.|A*(A)) C = (A ? (A)+2p s |A J (A)) s . 
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Conversely, suppose that (77 + 2p s \rj) s = (A r (A) + 2p s |A r (A)) s . By Lemma [5.31 we 
have 

(0-Hv) + 2 Pc \9- 1 (r ] )) c = (A*(A) + 2p c |A*(A)) c . 
By Proposition 14,21 (i) there exist w £ Wj~ such that 0~ l (rj) = w o A r (A). □ 

Remark 5.2. The multiplicity equals 1 if 77 satisfies the condition of Corollary 15. 2 1 
for r = a, b, c or p = i) with A ^ A. In the case of y = with A = A we have = 2. 
This follows from (|5.2|) , Proposition 14.21 and Lemma 15.21 

Theorem 5.1. Let A € 7(G), k £ Z +; and as in (|5.ip . As {-modules we have 
H fc (u_;L(g,A ? (A))) ^ L(I,^oA r (A))). 

In particular, ch[H fc (u_;L(fj, A J (A)))] = w r (ch [H fc (u_; L(g, A ? (A)))] ) . 

Proof. Let p G 3^" be such that L([, /j) is a composition factor of fL.(u_; L(g, A ? (A))). 
Then it is precisely a composition factor of A fc u_ ® L(g, A r (A)) with (p + 2p c |/i) c = 
(A r (A) + 2p c \A?(\)) c by Proposition 14.21 Furthermore each appears with multi- 
plicity given in Remark 15.21 By Corollary 15.21 the corresponding 0(/i)'s are pre- 
cisely the weights in Tj such that L([,0(p)) appears as a composition factor of 
A fc u_ ® L(g, A ? (A)) with (6(p) + 2p s \9(p)) s = (K\\) + 2p s \~R\\)) s , which has the 
same multiplicity. 

Now, Theorems I3.3H3.6| and the Euler-Poincare principle imply 
00 00 
^(-l) fc ch[H fc (u_;L(g,A y (A)))] = £ £ (-1)*^, 



fc=0 fc=0 W £W° 



where 



'HS {xty ( X>0 )HS x -(^ ), HG = GL(£), 

< HS iXw y(x >0 ), if G = Pin(^), Sp(2£), 0(2£ + 1), 

HS {Xw) ,(x >0 ) + i?5 (Xw) ,(x >0 ), if G = 0(21). 

Since all the highest weights are distinct, we conclude from Proposition 14.31 that 



ch[H fc (u_;L(0,A ? (A)))] = £ % 



The right hand side is equal to u; r (ch [H^ (u_ ; L(g, A J (A)))] ) by Proposition 12.51 □ 

Theorem 15.11 and Corollary 15.21 imply the following super analogue of Proposi- 
tion H2] (ii), which is the converse of Proposition of 14.31 
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Corollary 5.3. IfL(J,r]) is an irreducible {-module in A fc (u_)(g>L(g, A r (A)) such that 
(■q-\-2p s \rr) s = (A r (A)+2 / o s |A' (A)) s , thenL(J,rj) is a component o/Hfc(II_; L(g, A' (A))). 
Furthermore the multiplicities coincide. 

Remark 5.3. In the spirit of }CWZ| we can use Serganova's homological interpreta- 
tion of Kazhdan-Lusztig polynomials [Se] to reformulate Theorem 15.11 into a state- 
ment about equality of certain Kazhdan-Lusztig polynomials for g and 0. 

6. Resolution in terms of generalized Verma modules 

Let V be a g-module, on which the action of u+ is locally nilpotent. For c G C, 
we define 

V c := {v eV\(U- c) n v = 0, n > 0}, 

i.e. V c is the generalized fi-eigenspace corresponding to the eigenvalue c. Clearly we 
havey = c6C y c . 

We can now construct a resolution of generalized Verma modules for L(g, A ? (A)). 

Note that g/p is a p- module, on which u + acts trivially, and hence so is A k (g/p), 
for all k G Z+. Thus the induced module U(g) ®p A fc (g/p) is a g-module. For 
A G 9(G) we consider the g-module Y k = (U(g) ®u(p) ^(g/p)) ® L (g, A ? (A)) . Let 

(6.1) • • • ^ Y k *♦ y fe _! *4 ■ ■ ■ ■ Y *♦ L(g, A r (A)) - 
be the standard resolution of L(g, A J (A)) as in [KK] (cf. (GLjCIllL]). Put 

c A = (A ? (A) + 2p s |A r (A)) s . 

The restriction of (|6.ip to the generalized CA-eigenspace of fi produces a resolution 
of g-modules 

(6.2) ...^^4 y fc c ^ • • • y o c ^ L(g, A y (A)) -> 0. 

For i/ G IPJ) let ^(^) = ^(fl)®!/^)-^) be the generalized Verma module, where 
u + acts trivially on L(l, v). We have the following counterpart of Theorem 8.7 of 

Theorem 6.1. For X G 9(G), the (16.2D is a resolution o/L(g, A r (A)) such that each 
Y^ x has a flag of generalized Verma modules. Furthermore as I + TL_ -modules we 
have 



1 k — 



@ w ew°V(e(woA*(\))), if G^ 0(21), 

® w ew° [v(e(woA*(\)))®V(e(woA*(\)))\ , ifG = 0(2£). 
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Proof. To keep notation simple let us assume that g 7^ cJqo. 

First we claim that = £7(5)®C/Tp) (A fe (g/p)<8>-k(0, A ? (A))) nas a ^ a g °f generalized 
Verma modules. This can be seen as follows. From the proof of Lemma 14.21 we see 
that the space A fc (g/p) decomposes into a finite direct sum of p-modules, which is 
semisimple over I and on which u+ acts trivially. On the other hand L(g, A r (A)) 
has a p-submodule, which as an I-module is isomorphic to L(l, A ? (A)) and on which 
II + acts trivially. This module is precisely the u + -invariants of L(g, A r (A)). Now 
we consider the u+-invariants of L(g, A ? (A))/L(I, A r (A)), which is a direct sum of 
irreducible T-modules. Continuing this way we see that L(g, A y (A)) as a p-module 
has an infinite filtration of p-modules of the form 

L o = L(0,A r (A))DL 1 DL 2 D--- 

such that Lj/Lj+i is a direct sum of irreducible I- modules on which u + acts trivially. 
Thus the same is true for A fe (g/p) (g) L(g, A r (A)). Now is the induced module 
and hence the claim follows. Since Y£ x is a direct summand of it also has a 
flag of generalized Verma modules. Now Q acts on V(q, fi) (fi E Vj) as the scalar 
(fi + 2p s \fi) s , and hence Y£ x consists of those V(q, p) in Y^ with c\ = (fi + 2p s \fj,) s . 
But such /i's are precisely of the form 9{w o A ? (A)) by Corollary 15.21 □ 

7. U_ -HOMOLOGY FORMULA OF gl^-MODULES AT NEGATIVE INTEGRAL LEVELS 

In this section we apply our method to obtain a Kostant-type homology for- 
mula for irreducible highest weight gL^-modules that appear in bosonic Fock spaces. 
These representations have negative integral levels and have been studied in the con- 
text of vertex algebras in [KRJ. 

We fix a positive integer £ > 1. Consider £ pairs of free bosons J ^(z) with i = 
1, ■ • • ,£ (see Section 3.3). Let denote the corresponding Fock space generated 
by the vaccum vector |0), which is annihilated by 7^'* for r > 0. 

Given A G "?(GL(£)) with Ai>--->A l >0 = -- - = 0> X j+1 > ■ ■ ■ > X e , we 
define 

i 1 
A*(A) = ]TA fc e fc + A fc e^-M a . 

k=l k=j+l 

There exists a joint action of (g( 00 ,GL(£)) on giving rise to the following 

mult iplicity- free decomp osition : 

Proposition 7.1. |KR| (cf. [W] Theorem 5.1]) As a (gloo, GL(£)) -module, we have 
(7.1) 3"*= i(flioo,A«(A))®V^ L(<) . 

AgCP(GL(£)) 
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Computing the trace of the operator Yln^z x n nn Y\\=i z t" on both sides of (|7.1j) 
(see [Wj for the action of (gl 00 ,GL(£)) on "S~ e ), we obtain the following identity: 

( 7 - 2 ) n t n n _ 1 V1 _ -i =u = E chL(0t oo! A^(A))chV G \ ( , ) . 

lli=l llneNV 1 ^n^A 1 x l-n z j J AeCP(GL(<?)) 

Theorem 7.1. For A G 3>(GL(£)), we have 

, Tr . \ a t \ \\ ^^(-^^(A+y (^2, ■ ■ ■ )s {x - y (x \xZ{, ■■■) 

Proof. The proof is similar to that of Theorem 13,31 Using (|2.17p and (|2.18p we may 
view (|2.5p as a symmetric function identity in the variables {a;7 and {xj}j e pj. 

We then apply to this new identity the involution of the ring of symmetric functions 
that interchanges the elementary symmetric functions with the complete symmetric 
functions. Comparing with (|7.2p . we obtain the required formula. □ 

Let u± and [ be as in Section [2~4l For A G CP(GL(^)), define the homology groups 
Hfc(u_; L{q{ 00 , A" (A))) in the same way. One can check that Hfc(u_; L^gl^, A* (A))) 
is completely reducible as an [-module, and if L(l,rj) is a irreducible component, 
then (rj + 2p c \r ] ) c = (A a (X) + 2 Pc \A a _(X)) c (cf. (HE]). 

Suppose that fi = J2ieN Vi € i-J2je-z+ ^i e 3+ c K G is g iven - Put (^1^2, •••)' = 
(n' x , H' 2 , . . .) and (/x , . . .)' = (f/ , . . .), and define 

(7.3) = J>^- E ^- cA o° 

Note that G J 1 ^ and i? 2 is the identity on Tf. In particular, we have i?(A a (A)) = 
A«(A). 

Let to be the map which has been used in the proof of Theorem 17.11 That is, 
w(chL(gl, A a (A))) = chL(gl, A" (A)), w(chL(l,/x)) = chL([, #(//)) for /x G and 

^(ch[A fc u_ L^A^A))]) = ch[A fc u_ ^L(5l 00 ,A^(A))]. 

Using similar arguments as in Lemma 15.21 we can check that for \i G , L([, /i) 
is a component in A fc u__ L^t^, A a (A)) if and only if L(l, is a component in 

A fc u_ L(g[ 00 , A° (A)). Furthermore, they have the same multiplicity. 

To compare the eigenvalues of the Casimir operator Q on the irreducible compo- 
nents in homology groups, we need the following lemma. 

Lemma 7.1. [CZ1} Lemma 4.7] For A G !P + , we have 

(A + 2 /9l |A) 1 = -(A' + 2 Pl |A / )i-2|A|, 
(A + 2p 2 |A) 2 = -(A' + 2p 2 |A') 2 + 2|A|. 
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Lemma 7.2. Let A G IP(GL(^)) and fj, G such that L(l,/j,) is a component in 
A fc u_ ® L(g[ OOJ A a (A)). T/ien (A°(A) + 2p c |A a (A)) c = {ji + 2 / 9 c |//) c i/ and on/y i/ 
(A" (A) + 2 Pc |A« (A)) c = + 2p c |tf(/i)) c . 

Proo/. Suppose that /z = ^ iGN Mi^i - Z^ e -Z+ H e j + Put M + = (Mi> A*2, • • •) and 
= (a*o,M-i 5 • • •)• Then 

+ 2p c |/i) c 

= E /Him - + E m-i{m-i - 2j) - i(E m + E m*) 

iGN «GN «GN iG-Z+ 

= + 2pi|ii+)i + + 2p 2 |M") 2 -^(^/ii + E Mi)- 

«GN iG-Z + 

On the other hand, put (/x + )' = (fJ,'i, fJ,' 2 , ■ ■ •) and (/i - )' = (/z > M-i? • • •)• Then 
(#(//)+ 2p c |tf( M )) c 

= ^^-2i)+^Mi_ i (Mi- i -20+^(E^+ E 4) 

iGN iGN «GN iG-Z + 

= ((M + ) , + 2p 1 |( Ai +)')i + ((A i -) / + 2p 2 |( Ai -)') 2 + ^(E^+ E ^) 

iGN ie~Z+ 

= -(M + + 2pi| / u+)i-2EMi-(^ + 2 P2|^)2 + 2 E Mi + ^(E^+ E Vi) 

ieN ie-Z+ iGN «G-Z + 

= -(// + 2p c \(j,) c - 2(/i - £Ag| E ei)c 

iGZ 

Then from the above equations, we observe that 
(A a (A) + 2 Pc |A fl (A)) c -( Ai + 2 Pc | / u) c 

= —(A* (A) + 2 Pc \A a _ (A)) c + 0%) + 2 Pc j?%)) c - 2(A a (A) - M | E e»)c 

iGZ 

Since A a (A) — \i is a sum of positive roots, we have (A a (A) — /j| X^iGZ e *)c = 0- This 
completes the proof. □ 

Using the same arguments as in Theorem 15.11 together with Lemma 17.21 we con- 
clude the following. 

Theorem 7.2. Let A G IP(GL (-£)), k G Z+, and as in {73}. T/ien as [-modules, 
we have 

H^L^A^A))- L([,^oA°(A))). 
In particular, we have ch[Hjt(u_; L{q{ 00 , A" (A))] = a;(ch[Hfe(u_; L(gl OG , A a (A))] ) . 



KOSTANT'S HOMOLOGY FORMULA 



11 



For v G J 1 ^, let V(v) = U(g{ 00 ) ®u(p) L(l,v) be the generalized Verma module, 
where p = I + u + and u+ acts trivially on L(l, u). 

Corollary 7.1. For A G 7(GL(£)), there exists a resolution of gi^-modules 
...^Z^Z^^-.-^Z,^ MsUA^A)) -» 

such that Zk has a flag of generalized Verma modules, and as an I + -module it is 
isomorphic to © wg ^° V($(w o A a (A))). 

8. Index of notation in alphabetical order 

• # : Fock space generated by £ pairs of free fermions defined in Section [2,31 

• $~ e : Fock space generated by £ pairs of free bosons defined in Sectional 
— t — £ 

■ J , 3o : Fock space generated by £ pairs of free fermions and £ pairs of free 

bosons defined in Section 13,31 
i 

■ 3 2 : Fock space generated by a pair of neutral free fermion and free boson 
defined in Section 13.31 

• g : the Lie algebra gl^, boo, Coo or doo of type j G {a, b, c,d}, respectively, 

• g : the Lie superalgebra gl^oo, 23, C or D of type j € {a, b, c, 0}, respectively, 

• G : the Lie group GL(^), Pin(2f), Sp(2f) or O(m) defined in Section 

• b : a Cartan subalgebra of g, 

• b : a Cartan subalgebra of g, 

■ HS\ : Hook Schur function associated with A G 7^ n , see Section [3.2.21 

• / : an index set for simple roots for g with 6/, 

• I : an index set for simple roots for g with 6/, 

• I : the subalgebra of g with simple roots indexed by /\{0} (I2.15|) . 

• I : the subalgebra of g with simple roots indexed by /\{0} (14. 6j) . 

• L(g, A): the irreducible highest weight g-module of highest weight A G b*, 

• L(g, A): the irreducible highest weight g-module of highest weight A G b , 

■ L(l, n) : the irreducible [-module of highest weight \i G b*, 

• L(J, ji) : the irreducible I-module of highest weight /neb, 

• L(g, A*(A)), L(g, A ? (A)) : defined in (J52D, 

• L([,rooA f (A)), L([,%oAf(A))) : defined in (OP . 

• A ? (A) : the highest weight of g-modules in Propositions l2.Hl2~4"l A G 7(G), 

• A r (A) : the highest weight of g-modules in Propositions l3.Hl3~4l A G 7(G), 

• A to , A^Jj, A~: weights in b* associated with A G 7(G) and w £ W defined in 
Section [231 

• Oi n , : categories of gl(m|n)-modules defined in Section 13.2,21 

• O^joQ : category of g[(oo|oo)-modules defined in Section [3.2.31 

• {} : the Casimir operator of g, see Section UTTl 
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• 17 : the Casimir operator of g, see Section [Ol 

• u> ? : a composition of involutions on the ring of symmetric functions such 
that chL(g,A r (A)) = u* (chL(g, A'(A))), see Section 

■ T(G) : the set of highest weights for irreducible G-modules in Propositions 

• y + : the set of partitions, 

• : the set of [-dominant weights, 

• 7 j : a set of weights given in Section 4.3, 

■ n : (m|n)-hook partitions defined in Section [3.2.21 

• p :=Tffiu+ gSD, 

• p c : "half sum" of the positive roots of g, see Sections 12.2.11 and I2.2.2[ 

• p s : "half sum" of the positive roots of g, see Section 14.21 

• pi , pi : defined in Section 15.11 

• sy. Schur function associated with A G T + , 

• : a bijection from to with 6>(A r (A)) = A' r (A), see (l54]l . 

• 9i, 02 ■ defined in Section EU 

• u± : the nilradicals of g with g = u + © I © u_ (|2.15p , 

• u± : the nilradicals of g with g = u + © I © II_ (|4.6p , 

• := U(g) ® um L(l, v) for v G 

■ (resp. Wo) : Weyl group of g (resp. [), 

• W^? : the set of the minimal length representatives of WoVW of length k, 

■ w o p ■= w(p + p c ) — p c for w G W and /x G t)*, 

■ (Yk,dk) ■ a standard resolution of L(g, A r (A)), see (|6.ip . 

• (Y£ x ,dk) : restriction of (Yfe,dfe) to generalized CA-eigenspace of Q, see (16.21) . 

■ £: function on half-integers defined in Section [4.11 

• (-|-)c : a symmetric bilinear form on I)*, see Section [4. 1[ 

• (-|-) s : a symmetric bilinear form on see Section [4. 2[ 

• ('l')i) ('IO2 : defined in Section 15.11 

• (•) : function on integers defined in Section [3.2.31 
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